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Abstract 

We consider a stochastic process Y defined by an integral in quadratic 
mean of a deterministic function / with respect to a Gaussian process 
X, which need not have stationary increments. For a class of Gaussian 
processes X, it is proved that sums of properly normalized powers of 
increments of Y over a sequence of partitions of a time interval converges 
almost surely. The conditions of this result are expressed in terms of the 
p- variation of the covariance function of X. In particular, the result holds 
when X is a fractional Brownian motion, a subfractional Brownian motion 
and a bifractional Brownian motion. 
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1 Introduction 

We consider a stochastic process Y — {Y(t) : t E [0, T]}, < T < oo, given by 
an integral 

Y(t) = q.m. I fdX, < t < T, (1) 
Jo 

defined as a limit of Riemann-Stieltjes sums converging in quadratic mean, where 
/ : [0, T] — > R is a real-valued deterministic function and X = {X(t) : t G [0, T]} 
is a second order stochastic process. The process is well defined under the 
hypotheses on / and X stated by Theorems l§1 and [TU1 below. More specifically, 
we are interested in the case when X is a Gaussian process, which may not have 
stationary increments and is a member of a class of processes defined as follows. 
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Definition 1. Let T > and let R[0,T] be a set of functions p: [0,T] -> K+ 
such that p(0) = 0, p is continuous at zero, and for each 6 £ (0,T), 

< inf{p(u) : u £ [S, T]} < sup{p(w) : u £ [5, T}} < oo. (2) 

Let X = {X(i): t g [0,T]} be a second order stochastic process with the 
incremental variance function a x defined on [0, T] 2 := [0, T] x [0, T] with values 

a 2 x (s,t) := E[X{t) - X{s)]\ (s,t) £ [0,T] 2 . 

We say that X has a local variance if there is a function p € i?[0,T] such that 
(Al) and (A2) hold, where 

(Al) there is a finite constant L such that for all (s,t) £ [0,T] 2 

<Tx{s,t)<Lp(\t-s\); 

(A2) for each e £ (0,T) 

Umsup{| ^ ( ^ +fe) s£[e,T), h £ (0, 8 A (T - «)]} = 0. (3) 

In this case we say that X has a local variance with p £ R[0, T]. 

Let X = {X(t): t £ [0, T]}, T > 0, be a mean zero Gaussian process with 
stationary increments, and let px{u) := ax(w, 0) for each u £ [0, T]. Then (Al) 
and (A2) for p = px hold trivially. Also, if X is such that px is continuous at 
zero, and © holds for p = px and each 5 € (0,T), then px € -R[0, T], and so 
X has a local variance with ■ 

Suppose X is a second order stochastic process such that &x(s, t) ^ for 
each (s,t) £ [0,T] 2 . If X has a local variance with two elements pi and p 2 in 
i?[0,T], then by (A2) we have 

Iimpi(u)//3 2 («) = 1- 

This property defines a binary relation in the set i?[0, T] , which is an equivalence 
relation. Let us denote this relation by ~, If X has a local variance with 
pi £ R[0,T], and if p 2 £ R[0,T] is such that p\ ~ ,02, then X has a local 
variance with /92- Therefore the property of having a local variance is a class 
invariant under the binary relation ~. 

Definition 2. Let X be a second order stochastic process. We say that X has 
locally stationary increments if X has a local variance with some p £ R[0,T]. 
Any element in the equivalence class {p 1 £ R[0, T]: p' ~ p] will be called a 
/oca/ variance function. We write X G CST(p(-)) if X has local variance with 
p£R[0,T}. 
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So far as we are aware, a similar concept was suggested by Berman [TJ Section 
8] under the name of local stationarity. We show that a subfractional Brownian 
motion Gh — {Gn(t) : t £ [0, T]} with index H g (0, 1) and covariance function 
has local variance function ph{u) — u H , it g [0,T] (see Proposition [T7)) . 
Also, we show that a bifractional Brownian motion Bh.k = {Bn,K(t)- t £ 
[0, T]} with parameters (TJ, X) S (0, 1) x (0, 1) and covariance function (j2"5)) has 
local variance function ph.k( u ) = 2^ K ^ 2 u HK , u € [0,T] (see Proposition [TH]). 

For R[0,T] let 

logp(u) 



7*(p) := hif{7 > 0: u 1 1 ' p(u) — » as u \. 0} = limsup 

and 
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7*(p) := sup{7 > 0: u 1 / p(u) ->■ +oo as w | 0} = liminf 106 " ' 



ulO log u 

By definition, we have < J*(p) < 7*(p) < oo. Clearly, 7*(p) and 7*(p) do 
not change when p is replaced by p' ~ p. If a second order stochastic process 
X has a local variance with p € i?[0,T] and if < 7*(p) = 7*(/o) < oo then we 
will say that X has the Orey index 7x := 7*(p) = 7*(p)- Clearly this notion 
extends the one suggested by S. Orey [12] (see also [T8]) f° r a Gaussian stochastic 
process with stationary increments. We will be interested in the case in which 
a Gaussian stochastic process X G CSl(p(-)) has the Orey index jx € (0,1). 
In this case X is equivalent to a stochastic process whose almost all sample 
functions satisfy a Holder condition of order a for each a < "fx ■ 

Gladyshev's Theorem Now we can formulate the main result of the paper. 
Suppose that a mean zero Gaussian process X has locally stationary increments 
with a local variance p and has the Orey index 7x =76 (0, 1). Suppose that a 
function /: [0,T] — > K is regulated if 7 > 1/2 and has bounded q- variation for 
some q < 1/(1 - 2-f) if 7 < 1/2, and let 1 < r < 2/max{(27~ 1),0}. Under the 
further hypotheses of Theorem [22] on the covariance of X, a stochastic process 
Y defined by ([T]) exists, and with probability one 

1™ Y. lY <5l~ Y l tz -S w - tu) =m f T \n r , (4) 



where n is a iV"(0, 1) r.v. and ((i")£L™) is a sequence of partitions of [0,T] such 
that the sequence (max^(i™ — t£_i)) tends to zero as n — > 00 sufficiently fast (see 
Remark [2^1 for details). 

E. G. Gladyshev [7] considered a stochastic process X — {X(t): t 6 [0, 1]} 
with Gaussian increments and a covariance function Tx such that the expression 

[T x (t, t) - 2r x (t, t - h) + T x (t ~ h, t - h)]/h 2 "< (5) 

converges uniformly to a function g on [0, 1] as h — > 0, Tx is continuous, twice 
differentiable outside the diagonal and 

d 2 T x (t,s) C 

dtds ~ |t — S |2(X— -y) k ) 
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(here 7 = 1 — j/2 for 7 in [7J). Under these assumptions E. G. Gladyshev 
proved ((4]) with the right side replaced by /J g when / = 1, p(u) — u 1 ', r = 2, 
i™ = i2 — n for i e {1, . . . , 2 n } and each n > 1. In [T7] we showed that hypothesis 
([5]) does not hold when X is a subfractional Brownian motion and a bifractional 
Brownian motion, but the conclusion of Theorem 1 in [7] (with g = 1) still holds 
for these processes. R. Malukas [2] further extended this result to arbitrary 
sequences of partitions using the ideas of R. Klein and E. Gine [10] , and proved 
a central limit theorem in his setting. 

As compared to previous results, in the present paper a class of Gaussian 
processes is defined by conditions (Al) and (A2) which seem to fit perfectly 
Gladyshev's Theorem for the mean convergence (see Corollary 1201 below) . and 
are weaker than hypothesis ([3]) with g = 1. Instead of hypothesis ©, we use 
the following assumption on a Gaussian process X having locally stationary 
increments and the Orey index 7 € (0, 1): there is a constant Ci such that the 
inequality 

m 

holds for each partition (t/)je{o,...,m} of [0, T] and each i g {l,...,m} (see 
Corollary Finally, in place of X, we consider a stochastic process Y defined 
by (P). In this case the preceding assumption on X is replaced by the following 
one: there is a constant C2 such that the inequality 

m 

J^VpiTxliti-uti] x fe-i.t,-]) <C 2 (t i -t i - 1 ) 1A W 

3=1 

holds for each partition {tj)j^{o,..., m } of [0,T] and each i 6 {1, . . . ,to}, where 
p = max{l, 1/(27)} ( see Theorem [2^]) . The two assumptions are shown to be 
easily verified using the properties of negative or positive correlation of X (see 
section [3]). The proof of the main result (Theorem |2"2")) use the ideas of M. B. 
Marcus and J. Rosen [16] and Q.-M. Shao [20] . 

The following is a consequence of Theorem [22j Proposition [15] when K = 1 
and Proposition [TBI when K £ (0, 1). 

Corollary 3. Let T > 0, H e (0,1), K e (0,1], r € (1, 2/max{(2HK- 1), 0}), 
and let Bh.k = {Bji t K{t): t G [0,T]} be a bifractional Brownian motion with 
parameters (H,K). Let f : [0,T] — > K 6e regulated if HK > 1/2 and of bounded 
q-variation for some q < 1/(1 — 2HK) if HK < 1/2. Le£ (k„) &e a sequence of 
partitions K n = (t")ie{0 m n } °/ Pi ^] swc/i £/ia£ 

lim | Kn |( 1A 7)+(° A ( 1 - 2 ^))logn = 0. 

T/ien probability one 

lim g L.m. / ' /dB HlJC r (^ - d) 1 -^ = EM r / 1/1", 
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where r\ is a N(0, 1) r.v. 

A similar result holds for a subfractional Brownian motion due to Theo- 
rem [22] and Proposition [TTj Corollary [3] when K = 1 (the case of fractional 
Brownian motion) may be compared with Theorem 1 of J.M. Corcuera, D. 
Nualart and J.H.C. Woerner [3] where / is a stochastic process, the integral 
/q f cIBh, t £ [0, 1], is defined pathwise as the Riemann-Stieltjes integral, parti- 
tion K n = (V n )ie{o,...,n}> convergence holds in probability and with no restric- 
tions on r. 

Notation For n £ N := {0, 1, . . .} let [n] := {0, 1, .. .,n} and (n] := {1, ...,n}. 
An interval [a, b] is a closed set of real numbers r such that a < r < b. A par- 
tition of an interval [a, b] is a finite sequence of real numbers k = (ii)ie[nl such 
that a = to < ti < ■ ■ ■ < t n — b. The set of all partitions of [a, b] is denoted by 
H[a, b]. Given a partition k = (ti)ig[ n i, for each i £ (n], let :— [tj_i,ij] and 
Af := ti — ti—i. The mesh of a partition k is \k\ := max^ A". Given a function 
g: [a, b] — > K and a sequence (k„) of partitions k„ = (t")igr m i of [a, 6], for each 

1 £ K], let A™ := A«" = - tf_, and A™ 5 := ff (t?) - fl (t».i). 

2 Riemann-Stieltjes integrals 

In this section the double Riemann-Stieltjes integral and the quadratic mean 
Riemann-Stieltjes integral are defined, and several their properties to be used 
are given. 

A double Riemann-Stieltjes integral Let F and G be real- valued functions 
defined on a rectangle R := [a, b] x [c, d] in M 2 defined by real numbers a < b and 
c < d. We recall definition of the Riemann-Stieltjes integral of F with respect 
to G over R. A partition of [a, b] x [c, d] is a finite double sequence of pairs 
of real numbers r = {(si,tj): £ [n] x [m]} such that (sj) ie r n i £ IL[a, b] 

and {tj)je[ m ] S II[c, The set of all partitions of a rectangle R is denoted 
by n(i?). Thus r g n(i?) if and only if r = k x A for some k £ H[a,b] and 
A £ H[c,d]. The mesh of r = /c x A £ H(R) is |r| := max{|«;|, |A|}. Given such 
t, for each i £ (n] and j € (m], the double increment of G over the rectangle 
Qi,j = x is defined by 

A^G := A Q, J G := Gfo.t,-) - G( Sl _!,^) - G(s,,t 3 -_i) + G^x,^). (7) 

Also if (ui,Vj) £ Qij for € (n] x (m], then (v,i,Vj) is called a iag and the 
collection r := {((ttj, Uj), Qi,j) : (i, j) G (ra] x (m]} is called a tagged partition of 
J?. The Riemann-Stieltjes sum of _F with respect to G and based on a tagged 
partition f is 

n m 

A 2 G; f) := v j) A i,j G - 
»=i j=i 



We say that the double Riemann-Stieltjes integral over [a, b] x [c, d] of F with 
respect to G exists and equals A € R, if for each e > there is a 6 > such that 

\S rs (F,A 2 G;t)~A\ <e 

for each tagged partition f of [a, b] x [c, d] with the mesh |r| < S. Clearly, if 
such A exists then it is unique and is denoted by 

r-b r-d r-h r-d 

I I Fd 2 G= I I F(s, t) d 2 G(s, t) := A. 

J a J c J a J c 

Since in this paper we work with the quadratic mean Riemann-Stieltjes integral 
/ f dX of a deterministic function / it is enough to treat double Riemann- 
Stieltjes integral for integrands F = f ® f ', where / <E) f(s,t) — f(s)f(t) for 
(s,t) e R. 

First we give sufficient conditions for the existence of a double Riemann- 
Stieltjes when the integrator has bounded total variation. Let R = [a, b] x [c, d] 
be a rectangle and G: R R. For a partition r = {(sj, tj) : E [n] x [m]} G 

n(i?) let 

Tl m 

Sl (G;r) :=££|AT.G|, 

i=l 3=1 

where A^G is defined by 0. 

Definition 4. Let i? be a rectangle in R 2 and G: i? — > R. 

Vi(G; -R) :=sup{si(G;r): tEU(R)}. 

If Vi (G, R) < oo then one says that G is of bounded variation in the sense of 
Vitali-Lebesgue-Frechet-de la Vallee Poussin and write G € Wi(R). 

We say that a function G: i? — > R is separately continuous if its sections 
a; i y G(x, y) and y i— > G(a;, y) are continuous for each fixed ?/ and x, respectively. 
A function / : [a, b] — > R is regulated if for each x € (a, b] it has left limits f(x—) 
and for each x £ [a, b) it has right limits f(x+). The set of all regulated functions 
on [a, b] is denoted by Woo [a,b]. Each regulated function is bounded and for 
such a function / we write 



sup 



sup{|/(x)|: xe[a,b]}, Osc(f) := sup{|/(x) - f(y)\ : x,y&[a,b]}. 



Theorem 5. Let R = [a, b] x [c, d] for some real numbers a < b and c < d. Let 
G G Wi(i?) be separately continuous, f € Woo [a, 6] and g G Woo[c, d]. Then 
the double Riemann-Stieltjes integral f a 'fcf ( &gd 2 G is defined and we have the 
bounds 

f f f®gd 2 G < ||/|| sup || 5 || sup ^(G;i?), (8) 

J a J c 

^ l d [f®9-f{a)g{c)]d 2 G < [|| 5 || sup O SC (/) + ||/|| sup O SC (. 9 )]^(G;i?). (9) 
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The proof is standard for such statements about existence of Riemann- 
Stieltjes integrals when the integrand is a regulated function and the integrator 
has bounded variation (see e.g. Theorem 2.17 in [5] when functions have single 
variable). Namely, one needs to compare a difference between two Riemann- 
Stieltjes sums corresponding to sufficiently fine partitions and one of them is 
a refinement of the other. The sum of terms corresponding to subrectangles 
containing a jump of either / or g can be made small due to separate continuity 
of G and since G is a difference of two quasi-monotone functions as shown in 
[HI p. 345]. The details are omitted. 

Next we give sufficient conditions for the existence of a double Riemann- 
Stieltjes integral in terms of p- variation of the integrand and integrator. Let 
p > 1 and let /: [a, b] — > M.. For a partition k — (si)j e [„] of [a, b], let 

n 

:=X)|/(fli)-/(«i-i)l p - 

i=l 

The p-variation seminorm of / on [a, b] is the quantity 

V P (f) = V p (f;[a,b]) -suplM/^)] 1 ^: K eU[a,b}}. 

One says that / has bounded p-variation or / G W p [a, b] if V p (f; [a,b]) < oo. 
We also use the p- variation norm defined by 

11/11 [ P ] = 11/11 [ P ],[a,b] ■= ll/l|su P + Vp(/;[a,&]). 

Recalling that Woo [a, b] is the set of regulated functions on [a, b], W p [a,b] is 
defined for 1 < p < oo. 

Again, let R = [a, b] x [c, d] be a rectangular and G : R — > M. For p > 1 and 
a partition r = {(sj,i,): G [n] x [m]} of i? let 

n m 

Sp (G;r) ^^^lA^-Gr, 
»=i i=i 

where AJ" -G is defined by ([7]). The p- variation seminorm of G is 
V$,(G;iZ) :=sup{[s„(G;r)] 1 /P: T g n(i?)}. 

Let W p (i?) be the set of all functions G: i? — > K such that Vp(G; i?) is bounded, 
which extends Definition 0] when p = 1. 

The following is an elaboration on the statements 3.7 (ii) and 4.3 of Lesniewicz 
and Lesniewicz [12]. In the present case we do not assume /(a) = and g(c) = 0. 

Theorem 6. Let R = [a, b] x [c, d] /or some rea/ numbers a < b and c < d. Let 
p > 1 arte? q > 1 be such that p~ x + q^ 1 > 1. Lei / € W q [a, 6], g G W 9 [c, rf] 
awe? Zei G G W p (i?) &e continuous. There exists the double Riemann-Stieltjes 
integral Jafcf<3gd 2 G and 

I [f®9~ f(a)g(c)]d 2 G < 8K p , q [\\f\\ [q] V q (g) + \\g\\ [q] V q (f)]V p (G;R), 

(10) 

where K v . q := (1 + ((p- 1 + q- 1 )) 2 and C(s) := £fcli k~ s for s > 1. 
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Proof. The functions $ p and $ g with values & P (x) := x p /p and &q(x) := x q /q 
for x > are the ./V-functions. We apply the results of Lesniewicz and Lesniewicz 
[H] for $ = * = and $ = § = $ g . The integral JaJ? f®gd 2 G exists by 
Theorem 4.3 in [T2l p. 57]. (We note that continuity of the functions / and g is 
not used in the proof there.) To obtain the bound (Til)]) it is enough to bound 
the Riemann-Stieltjes sums. Let f = {(wj, fj), [si-i, Sj] x G 
(n] x (m]} be a tagged partition of i?. Letting u$ := a and vq := c we have the 
identity 



n m, i 



S{}®9- f(a)g(c),A 2 G; r) = £ £ £ £ A k f AigA T tj G 

i=i j=x fe=i z=i 

m j n n i m 

+/(o) EE A ^E A L G + ff( c )EE Afc /E A L" G ' 

j=i ;=i i=i i=i fc=i j=i 

where A fc / := /(u fc ) - f{u k -i) and A ; g := 3(14) - .g(t>z-i)- Using the bounds 
3.5 in [12, p. 53] and (5.1) in [HI p. 254], we get 

\S{f®9- f(a)g(c),A 2 G;r)\ 

< 16 (l + C(- + ~)) V,(/; [a, 6])K,( 5 ; [a, 6])VJ(G; R) 

+ (l + C(i + J)) [!/(«(<?; [c, + |fl(c)|V,(/; [a, 6])] U P (G; fl), 

and so (fTU)) follows. Instead of the bound 3.3 in [TJ1 p. 51], we used the bound 
of L.C.Young since it gives a smaller constant in (flU)) in the present setting. □ 

We use the following two versions of the preceding inequality (|10p adapted 
to subrectangles of a rectangle [0,T] 2 . 

Corollary 7. Letp > 1 andg > 1 be such that p~ 1 +q~ 1 > 1. Le£ T > ; fe£ / G 

Wg[0,T] and let G G W p [0,T] 2 be continuous. There exists the double Riemann- 
Stieltjes integral Jq Jq /(g)/ d 2 G. Also, letting K PtQ := 16(1 + C(p _1 + <7~ 1 )) 2 ; 

(i) the inequality 

[/® /- < X m ||/|| w , [0 ,t]^(/; [s,t])V p (G; [s,t] 2 ) 

holds for any < s < t < T ; 
(ii) the inequality 

f®fd 2 G <K p Jf\\ 2 qmT] V p (G;[s 7 t} x [«,«]) (12) 
/io/ds /or any < s < t < T and < u < v < T . 



The quadratic mean Riemann-Stieltjes integral This integral is defined 
for a (deterministic) function with respect to a stochastic process in the present 
paper. Let X — {X(t): t > 0} be a second order stochastic process on a 
probability space (fi, J 7 , Pr), which is a family of random variables X(t) having 
finite second moment. The covariance function of X is the function Tx defined 
on = [0,oo) x [0,oo) with values 

T x {s, t) := E[X(s)X{t)], (s, t) G R 2 + . 

Let / : [0, 00) — > R be a function and let < a < b < 00. For a tagged partition 
k = {{ui, [ti—i, U]): i £ (n]} of the interval [a, b] the Riemann-Stieltjes sum is 

n 

S RS (f, AX; k) := ^ f{ Ul )[X{U) - X(t,_i)], 
i=i 

and so it is a random variable in L 2 (Q, J 7 , Pr). We say that the quadratic mean 
Riemann-Stieltjes integral over [a, b] of / with respect to X exists and equals 
/ G L 2 (fL, T, Pr), if for each e > there is a 6 > such that 

E[S RS (f,AX;k)-l] 2 <e 

for each tagged partition k of [a, b] with the mesh \k\ < S. If such / exists then 
it is unique in L 2 and is denoted by 

fdX = q.m.[ f(t) dX(t) := I. 

J a 

Next is the integration in quadratic mean criterion of M. Loeve |13l p. 138]. 

Proposition 8. Let X be a second order stochastic process and f: [0, 00) — > M. 

For < a < b < 00 , the quadratic mean Riemann-Stieltjes integral 

rb rb 

f dX exists if and only if I I f®f d 2 T x exists 

J a J a 

as the double Riemann-Stieltjes integral. Moreover, for any < s < t < 00 
and < u < v < 00 if the two integrals /* / dX and / dX exist then so does 
Is lu f ® / d 2 T x and the equality 

■ 

E 



f fdX f fdx]= ( f f®fd 2 T x (13) 

J s J u J s J u 



holds. 



Formal properties of Riemann-Stieltjes integrals such as (finite) additivity 
and linearity hold almost surely for corresponding integrals in quadratic mean. 
We shall write Q p := [l,p/(p - 1)) if p > 1 and Qi := {00}. 
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Theorem 9. Let X be a second order stochastic process with the continuous 
covariance function Tx G W p [0,T] 2 for some p > 1 and < T < oo, and 
let f G W g [0, T] with q G Q p . Then for each t G [0, T] there exists the q.m. 
Riemann-Stieltjes integral J*fdX and there is a finite constant K = K(p,f) 
( depending on p and f ) such that the inequality 



E 



q.m. J fdx\ <KV p {T x ;[s,t} 2 ). 



holds for any < s < t < T. 

Given a second order stochastic process X, a class of functions / such that 
JqfdX is defined as the quadratic mean Riemann-Stieltjes integral can be 
larger than the class of functions / such that f$f dX is defined as the pathwise 
Riemann-Stieltjes integral. Indeed, let X be a fractional Brownian motion Bh 
with the Hurst index H £ (0, 1). By Proposition [T5l below, Bh has the continu- 
ous covariance function Tb h G W p [0,r] 2 with p = max{l, 1/(2H)}. Therefore 
the q.m. Riemann-Stieltjes integral Jq f dBn is defined for each / G W 9 [0,T], 
where 

q< if He (0,1/2) and q = oo if He [1/2,1) 

1 — 2H 

by the preceding theorem. While the pathwise Riemann-Stieltjes integral Jq f dBn 
is defined for each / G W q [0,T] with q < 1/(1 — H) if H e (0, 1) by the result 
of L. C. Young [21]. 

The preceding comment suggests that a family of random variables 



q.m. f fdX, te[0,T], 
Jo 



(14) 



need not be a stochastic process with well-behaved sample functions. The fol- 
lowing is a standard approach to deal with such cases. 

Theorem 10. Suppose that the hypotheses of the preceding theorem hold. Sup- 
pose that for each t G (0, T] 

lim V p (T x ;[s,t] 2 ) -0. 

Then a measurable and separable stochastic process Y = {Y(t) : t G [0, T]} exists 
on (f2, J 7 , Pr) such that 



PT({Y(t)=q.m. f fdX}) = 1 
Jo 



for each t G [0,T]. 



Throughout the paper we assume that the q.m. Riemann-Stieltjes integrals 
(fl"4|) are given by the stochastic process Y from the preceding theorem, to be 
called the q.m. integral process. 
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3 p-variation of the covariance function 

We start with a simple fact concerning the boundedness of variation of the co- 
variance functions of stochastic processes with positively or negatively correlated 
disjoint increments (meaning hypothesis (j!5[) or (|16[) . respectively). 

Proposition 11. Let < T < oo and let X = {X(t) : t £ [0,T]} be a second 
order stochastic process with the covariance function Tx on [0,T] 2 . 

(i) If for any 0<u<v<s<t<T, 

E[X(v)-X(u)][X(t)-X(s)}>0, (15) 

then for any < a < b < T and < c < d <T 

V!(Tx;[a,b] x [c, d]) = E[X (b) - X (a)][X (d) - X (c)}. 

(ii) If for any 0<u<v<s<t<T, 

E[X(v) - X(u)} [X(t) - X(s)] < 0, (16) 
then for any 0<a<b<c<d<T 

V!{r x ;[a,b] x [c,d]) = \E[X{b) - X(a)][X(d) - X(c)}\. (17) 

Proof. To prove (i) note that (fTSf holds for any pairs of closed intervals [u, v] 
and [s, t] in [0, T] provided (fTSf holds for such intervals having at most a common 
endpoint, as assumed. Then the conclusion follows using the relation 

| A MxM rx | = E[X(v) - X(u)][X(t) - X(s)]. 

In the case (ii), the conclusion follows using the relation 

| A [«,«]x[«,*]r x | = -E[X(v) - X{u)][X(t) - X(s)] 

for nonover lapping intervals [u, v] and [s,t] in [0, T], □ 

By the second part of the preceding proposition the covariance function of 
a stochastic process with negatively correlated disjoint increments has bounded 
variation over rectangles which do not contain a diagonal. The following result 
for such a process, with an additional assumption (|18p. gives a bound of the 
p-variation of the covariance function over rectangles containing a diagonal. 

Theorem 12. Let < T < oo ; let p > 1 and let X = {X(t): t > 0} be a 
second order stochastic process with the covariance function Tx such that (|16l) 
holds for any 0<u<v<s<t<T. and 

E[X(v) - X(u)} [X{t) - X(s)} > 0, (18) 
holds for any 0<s<u<v<t<T. Then for any < a < b < T 

V p (T x ;[a,b} 2 )<2V 2p ^x;[a 1 b}) 2 , (19) 
wheret/jx: [0, T] L 2 (Cl, Pr) defined byip x {t) := X(t, •) for t £ [0,T]. 
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Remark 13. The theorem is meaningful provided the right side of (TIT)]) is finite. 
In addition to the hypotheses of Theorem [121 suppose that X and p > 1 are 
such that for a finite constant L the inequality 

E[X(t) - X{s)] 2 <L(t-s)p 

holds for each < s < t < T. Then for any < a < 6 < T we have 
V 2p (ipx) [a, 6]) < VX(fe - o) 1 /^, and so by Theorem[l2] 

y p (r x ;[a,fe] 2 ) < 2L{b-a)*. 

Proof. Let < a < b < T. Without loss of generality we can assume that the 
right side of (|TT)|) is finite. Let A X k = {(s^ tj) ; i E [n], j € [to]} be a partition 
of [a, 6] 2 with n > 1 and to > 1. If n = 1 then, since p > 1 and (fT5)) holds, we 
have 

m 

Sp (r X ;Ax K ) < {jTE[X{b)-X{a)]A«xY =(E[X{b)-X{a)] 2 ) P 

3 = 1 

= \\^x(b)-4'x(a)\\ 2 L P 2 <V 2p ^ x ;[a,b]) 2 P. (20) 

Let n > 2, let 1 < i < n, and let A; := {j E (to — 1] : tj E (sj-i, Si)}. If A; is 
the empty set then there is a jo E (to] such that [si_i,Si] C [tj -i, tj ]. In this 
case we have 

\EA$XA$ X\ < E[A^X} 2 

+ \EAfX[X(t j0 ) -X( Si )]\ + lEAfXlX^) - X(t jo ^)}\. 

If Aj is not the empty set then let j\ be the minimal element in A and let j 2 
be the maximal element in A ■ In this case we have 

\EA^XA^X\ < lEAfXiXitjJ-Xis^l + lEA^XiXisi^-Xitj^l 

and 

\EA^XAl +1 X\ < \EA^X[X(t 32+l ) - X( Si )]\ + \EA^X[X( Sl ) - X(t h )]\. 

Therefore to bound J^JLi \EA+XAjX\, we can and do assume that in the 
partition k we have tj 1 ~ s^-i and tj 2 — Si for some j± < j 2 in (to — 1]. Using 
this assumption and negative correlation for disjoint increments it follows that 

TCI 

\EA$XA!fX\ = 2E[A^X} 2 - EA$X[X(b) - X(a)] < 2E[A^X} 2 , 
where the last inequality holds by (p~8|) . Finally, since p > 1, we have 

n m n 

s P (rx;Ax K ) < ]T(]T |£A^Apr|) P ' <2^{E[A-X] 2 ) P 

i—l j — 1 i—1 

n 

= 2rY,Ux( Sl )-i>x^-i)\\Z<2 p V 2p ^ x ;la,b}) 2p - 

i=l 

Recalling the bound (|2U)) in the case n = 1, the conclusion (fTU)) follows. □ 
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Next we show that for several classes of stochastic processes including frac- 
tional Brownian motion, subfractional Brownian motion and bifractional Brow- 
nian motion one has positively or negatively correlated increments. 

Stochastic processes with stationary increments First consider real- 
valued stochastic processes X with finite second moments E[X(t)] 2 and (weakly) 
stationary increments. Then the incremental variance function a x (t,t + r) does 
not depend on t, and so it is a function of r. The following fact is known (see 
[T5I p. 32]); we sketch a proof for completeness. 

Lemma 14. Let X = {X(t): t > 0} be a mean zero second order stochastic 
process with stationary increments, and let <f>: [0,oo) — > [0,oo) be the function 
with values 

<f>(r) :=a 2 x (t,t + r)=E[X(t + r)-X(t)] 2 

for each r > 0. 

(i) If <j) is convex on [0, T], then (|15p holds for any 0<u<v<s<t<T. 

(ii) If <j) is concave on [0,T], then <| 16|) holds for any 0<u<v<s<t<T. 

Proof. To prove (i) let the function <p be convex on [0, T], and let < u < v < 
s < t < T. Using an expression of <f> in terms of the covariance function Tx, it 
follows that 

2E[X(v) - X(u)][X(t) - X(s)} = [4>{t -u) - cj>(t - v)} - [<p(s - it) - 0(s - v)]. 

Inserting additional points in the interval [u, v] if necessary, one can suppose 
that v — u < t — s. Then letting xi := s — v, x 2 '■= s — u, X3 := t — v and 
X4 :— t — u, we have < X\ < x 2 < x% < X4 < T and 

<j>(xj) - c/)(x 3 ) (f)(x 3 ) - 4>{x 2 ) <p(x 2 ) - (f>(xi) 

X4 — x 3 ~ x 3 — X 2 ~ X 2 ~ Xl 

by convexity of (j). This proves fj 15(1 . and so (i). The proof of (ii) is symmetric. 

□ 

We apply this fact to a fractional Brownian motion Bh = {£?#(£): t 6 
[0,T]} with the Hurst index H £ (0, 1), which is a Gaussian stochastic process 
with mean zero and the covariance function 

F H (s,t) := r BH (M) = \{t 2H + s 2H \t s\ 2H ) 

for (s,t) £ [0,T] 2 . 

Proposition 15. Let B^j be a fractional Brownian motion with the Hurst index 
H £ (0,1), let p H (u) := u H for each u £ [0,T], and let p := max{l, 1/(2H)}. 
Then Bh £ £ST(ph{-))- Also, the inequality 

V P (F H ; [s,t] 2 ) < dipHit - s)} 2 = d(t- s) 2H (21) 
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with Ci = 1 if 2H > 1 and C x = 2 if 2H < 1, holds for any < s <t< T, and 
the inequality 

m tci 

E Vp(Fh; J? x J«) < £ |S[Af5HA«B H ]| < C 2 (Af)Vf (22) 

7=1 i'=l 

with C 2 = 2HT 2H - 1 if2H>l and C 2 =3if2H<l, holds for any partition 
k = (tj)j e [ m ] of [0,T] and an?/ i G (m]. 

Proof. The incremental variance function cr^ (s, i) = |t — s\ 2H for (s, i) G [0, T]. 
Clearly, € CSI(ph{-))- By Lemma [ITI disjoint increments of -By are posi- 
tively correlated if 2iJ > 1 and negatively correlated if 2H < 1. If 2if > 1, then 
by part (i) of Proposition [Til 



V x {F H] [a,b] 2 ) = E[B H (b)-B H (a)} 2 = (b~a) 2H 

for any < a < b < T, proving ([2"Tj) with C\ — 1 in this case. If 2iJ < 1 then 
(p?Tj) holds with C\ — 2 by Remark [T31 and Theorem [L2l since its hypothesis (|18[) 
holds due to the relation 

2£[5 ff ( t ;) - B H {u)][B H {t) - B H (s)] 

= (v-s) 2H -{u-s) 2H + {t-uf H -{t-v) 2H >0 (23) 

for any 0<s<u<w<i<T. 

To prove ([2"2"| let k = (tj)jgf m i be a partition of [0,T], and let i G (m]. Due 
to ([2"T]) one can suppose that m > 1. First let G [1/2, 1). Then p = 1. By 
part (z) of Lemma [T4l and by part (i) of Proposition [TTJ we have 

m m 

E V ^ F ^ [U-xM x fe-i.tj]) = E S[A?B ff AjfSjy] 
i=i 3=1 

= - BH(*i-i)][flj(T) - S H (0)] 

= \W~^ H x + (T-U- 1 ) 2H -(T-t l ) 2H ] 

< 2HT 2H - 1 {t l -U- 1 ), 

where the last inequality holds by the mean value theorem. Now, let H G 
(0,1/2). Then p = l/(2H) > 1. By part (U) of Lemma [Ml and by part (ii) of 
Proposition [TT] we have 

E V p {F H \J?xJ?)< E Vi{Fh\J?*J?) 
ie(m]\{i} je{m]\{i} 

E \E(AfB H A^B H )\ = E(A?B H ) 2 -EAfB H [B H (T)-B H (0)} 

J'e(m]\{»} 

< E(AfBu) 2 = (U — U-i) 2H , 



where the last inequality holds by (f23[) . This together with (|2 1 [) gives (|22|) . 
completing the proof. □ 
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The inequality (f2"Tj) in the case H £ (0, 1/2) and with a different constant is 
the same as the one stated by Proposition 13 in Friz and Victoir [6j. The proofs 
seem to be also different. 

Sub-fractional Brownian motion Let H £ (0, 1) and < T < oo. The 

function R H ■ [0, T} 2 — s- E with values 

R H (s, t) := s 2H + t 2H -\ [{s + t) 2H + \a- t\ 2H ] , (24) 

(s,t) £ [0,T] 2 , is positive definite as shown in [2J. A sub-fractional Brown- 
ian motion with index 7? is a mean zero Gaussian stochastic process Gr = 
{Gn(t)'- t G [0,T]} with the covariance function Rh and with the incremental 
variance function 

a% H (s,t) = \s- t\ 2H + (s + tf H - 2 2H - 1 [t 2H + s 2H ] 

for s,t £ [0,T]. In the case H = 1/2, G\i<i is a Brownian motion. A subfrac- 
tional Brownian motion Gh with index H is ii-self-similar but does not have 
stationary increments if H =/= 1/2. 

Proposition 16. Let Gh be a sub-fractional Brownian motion with H £ (0, 1). 
The following properties hold: 

(i) for any < s < t < T 

(t - s) 2H < a 2 GH (s, t) < (2 - 2 2H - 1 )(t - s) 2H , if 0<H< 1/2, 

(2-2 2H - 1 )(t-s) 2H <a 2 GH (s,t)<(t-s) 2H , if 1/2<H<\- 
(ii) for any 0<u<v<s<t<T 

E[G H (v) G H (u)][G H (t) G H (s)} I < J |J< ^ < 

(zm) /or onjy 0<s<u<u<t<T 

t7(u ) « ) s ) t) :=B[G h («)-Gh(«)][G! h (*)-G! h («)]>0. 

Proof. Statements (i) and (ii) are proved in [2\ Theorem (3), (5)]. To prove 
(Hi), let < s < u < v < t < T. Since the pairs of intervals [s,u], [u,v] 
and [v,t], [u,v] do not intersect (except for the endpoints), by (ii) in the case 
1/2 < H < 1, we have 

C( u ,^M) = £[G ff (tO-G ff (u)] 2 
+E[G ff («)-G ff (t i )][G i? (u)-G ff (s)] + E[G H ( ? ;)-G H (n)][G H (t)-G ir (^] > 0. 
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Thus we can suppose that < H < 1/2. Using the values of the covariance 
function (l24l) it follows that 



C(u,v,s,t) = ^{ - (t + v) 2H - (t - v) 2H + {t + u) 2H + (t - u) 2H (25) 
+ (v + sf H + (v- s) 2H - (u + s) 2H - (« - s) 2H }. 

Let / t (x) := (t + x) 2H + (i - x) 2H for each a; G [0,t]. Since < Zf < 1/2, then 
/ t '(x) < for x G (0,f), and so for < u < u < f we have -ft(v) + ft(u) > 
by the mean value theorem. Let g s (x) := (x + s) 2H + (x — s) 2H for each x > s. 
Since g' s (x) > for x > s and v > u > s, we have <7 s (v) — g s (u) > by the mean 
value theorem again. Therefore 

C(u,v,s,t) = ^{-ft(v) + Mu)+g s (v)- 9s (u)}>0, 

as claimed. □ 

Proposition 17. Lei G# &e a sub-fractional Brownian motion with H G (0, 1), 
let Ph{u) '■= u H for each u G [0,T], and let p :— max{l, l/(2H)}. Then 
Gh G CST{ph{-)). Also, there is a finite constant C\ such that the inequality 

V p (R H ;[s,t} 2 ) < dlpnit ~ s)} 2 = d(t - s) 2H (26) 

holds for any < s < t < T , and there is a finite constant Ci such that the 
inequality 

m m 

J2Vp(Rh;J? x J?) < J2 \E[A?G H A«G H }\ < C 2 (Ar) 1A{2H) (27) 
i=i j=i 

holds for any partition (£;)ie[m] of [0,T] and each i G (m]. 

Proof. Condition (Al) of Definition [JJ holds by part (£) of Proposition [TBI To 
prove condition (A2) suppose that H G (0, 1/2) U (1/2, 1), and for each s G [0,T) 
and ft G [0,T- s], let 

/.(&) := (2a + h) 2H - 2 2 "- 1 [s 2H + (s + h) 2H ] . 

Then / s (0) = ^(0) = and 



/<j r (s,s + h)\2 „„ 
6( s , s + ft) : = -l = ft- 2 ^/ s ft . 

V Off ui / 



Let s G [0, T) and h G (0, T — s]. By Taylor's theorem with remainder in the 
Lagrange form applied to the function f s over the interval [0,h], there exists 
u = u(s, h) G (0, h) such that 

b( S7S + h) = 2-'h^-^f'J(u), 
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where 

f'J(u) = 2H(2H - 1) [(2s + h) 2H - 2 - 2 2H -\s + h) 2H - 2 ] . 
Let e > 0. Then there is a finite constant C — C(e) such that 

\b(s,s + h)\ < Ch 2(1 - H) 

for each s <E [e,r) and h € (0,T— a]. Since H < 1 the preceding bound yields 
that condition (A2) holds, and so Gh € CSI(ph{-))- 

To prove (EHD first let # G (1/2, 1). Then p = 1 and hypothesis (2) holds 
for X — Gh by part (ii) of Proposition [T5] Therefore in this case by part (i) 
of Proposition ITT1 and by part (i) of Proposition [TBI for any < s < i < T we 
have 

V^Rh-As^] 2 ) =E[G H {t)~G H {s)] 2 < {t-s) 2H . 

Therefore flU holds with C x = 1 in the case H e (1/2, 1). Now let H e (0, 1/2). 
Then p = 1/(2H) > 1 and the hypotheses of Theorem [T2l hold by Proposition 
HH By part (i) of Proposition [TBJ and Remark [H with L = 2- 2 2H " 1 , (j2"Bj) 
holds with Ci = 4 - 2 2H in the case H e (0, 1/2). 

To prove (|27p let n — (ij)je[ml t> e a partition of [0,T] and i e (m]. Due to 
(J2BJ, one can suppose that m > 1. First let H £ (1/2, 1). Then p = 1. As for 
fractional Brownian motion (Proposition I15p . in the present case by part (m) of 
Proposition 1161 and by part (i) of Proposition [TTI we have 

mm 

£Vi(ite; JfxJ/) = X] E[A*GnAjGii] = --[f T ( U )-f T (u^)] + t 2H -t 2H Xl 
3=1 3=1 

where / T (i) = (T + t) 2if + (T - t) 2H for i e [0,T] and the last equality is the 
special case of (|25|) . Since 1/2 < H < 1 the function Jt is increasing, and so 

m 

E^GhA^Gh] < t 2H - i 2ff ! < 2HT 2H -\U - U-i) 

by the mean value theorem. Now let # e (0,1/2). Then p = l/(2H) > 1. 
Again as for fractional Brownian motion (Proposition I15p , in the present case 
by part (ii) of Proposition !!!! and by parts (ii), (Hi) of Proposition 116! we have 

Y, V p (R H ;J?xJ?)< J2 \EIA?G H A>]G H }\<E(A?G) 2 . 

je(m]\{i} je{m]\{i} 

Then by part (i) of Proposition [TBI the inequality 

m m 

J2v p (Rh;J? x Jf) < \E[A?Gh*;Gh]\ < 2E(A«G) 2 < C 2 (A*)?, 

3=1 3=1 

holds with c 2 = 2 if 2 if > 1 and C 2 = 4 - 2 2H if 2if < 1, completing the 
proof. □ 
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Bifractional Brownian motion Let 0<T<oo,0<i/<l and < K < 1. 
The function C h ,k ■ [0, T] 2 -> R with values 

C H>K (s,t) := 2- K {(i 2H + S 2ff )^ - |t- S | 2HK }, (28) 

(0,i) G [0,T] 2 , is positive definite as shown in [S]. A bifractional Brownian 
motion with parameters (i?, if) is a mean zero Gaussian stochastic process 
Bh,k — {Bn,K(t): t G [0,T] 2 } with the covariance function Ch,k- When 
K = 1, 5/7,1 is the fractional Brownian motion Bh with the Hurst index H G 
(0,1). The Gaussian process Bh,k is a selfsimilar stochastic process of order 
HK G (0,1), the increments are not stationary and its incremental variance 
function is 

a\ H K (s, t) = [\t -s\ 2HK - (t 2H + s 2H ) K ] + t 2HK + s 2HK 
for each s,t > 0. By Proposition 3.1 of Houdre and Villa [S], for every s, t > 0, 
2- K \t-s\ 2HK <o- 2 BHK ( Sl t)<2 1 - K \t-s\ 2HK . (29) 

This suggests that the incremental variance function <j\ h K is dominated by a 
single variable function u i— > const\u\ 2HK , u € R. A more precise property is 
proved next. 

Proposition 18. Let < T < oo, < H < 1, < K < 1 and = 

{BH,K(t) '■ t G [0, T]} 6e a bifractional Brownian motion with parameters (H, K). 
Let Ph,k( u ) ■= 2 ( - 1 - K ^ 2 u HK for each u G [0,T], and Zeip := max{l, 1/{2HK)}. 
Then Bh.k G CSI(ph,k('))- Also, there is a finite constant C\ such that the 
inequality 

V p (C H ^;[a,b] 2 ) <C 1 (b-a) 2HK (30) 

holds for any < a < b < T, and there is a finite constant Ci such that the 
inequality 

m 

J2 V p(Ch,k\J? x J?) < C 2 (A«) 1A (™. (31) 
holds for any partition (tj)jeM °/ [0,^1 arl 2/ * G ( TO ]- 

Proof. Concerning the property of local stationarity of increments of Bh,k with 
the local variance function p = ph,k{-) note that condition (Al) in Definition!]] 
holds with L = 2 1 ~ K by (pS]). To prove condition (A2), for each s G [0,T) and 
he [0,T-s] let 

/.(&) := 2 1 - K [s 2H + (a + /i) 2H ] A ' - s 2HK - (a + h) 2HK . 

Then /.(0)=/j(0)=0 and 

V ph. Kin) J 
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Let s £ [0,T) and h £ (Q,T — s]. By Taylor's theorem with remainder in the 
Lagrange form applied to the function f s over the interval [0, h], there exists 
u = u(s. h) £ (0, h) such that 

b(s,s + h) = -2 K - 2 h^- HK ^ /», 

where 

f'J(u) = 2 3 - K K(K-l)H 2 [(s + u) 2H + s 2H } K - 2 ( S + u)^ 2H -^ 
+2 2 - K KH(2H - l)[(s + u) 2H + s 2 "]*- 1 ^ + u) 2H - 2 
-2HK(2HK - l)(s + u) 2HK ~ 2 . 

Let e > 0. Then there is a finite constant C = C(e) such that 

\b(s,s + h)\ <Ch 2 ^- HK ^ 

for each s £ [e, T) and h £ (0,T— s]. Since HK < 1, the preceding bound yields 
that condition (A2) holds, and so B £ CSI(ph.k{'))- 

To prove (|30[) and (|3ip we use a decomposition in distribution of a fractional 
Brownian motion Bhk with the Hurst index HK into a linear combination of 
a bifractional Brownian motion Bjj,k and a Gaussian process Yjj,k with the 
covariance function 

D HtK ( a , t ) := r(1 ^ X) [t 2ffA ' + S 2ff ^ - (t 2ff + s 2H ) K ) , (32) 

(s,t) £ [0,T] 2 , due to Lei and Nualart [11, Proposition 1]. Letting A := 
2- K K/T(l - K) and B := 2 1 ~ K , by the decomposition we have the relation 

C h ,k = -ADh.k + BFhk (33) 

between the covariance functions of Bh,k, Yh.k and Bhk, respectively. For 
any < u < v < T and < s < t < T, if Q = [u, v] x [s, t] and f(r) = f v , v (r) := 
(u 2H + r 2H ) K - (v 2H + r 2H ) K for r > 0, then 



(i - [/W - /(»)] > o, 

since /'(r) > for each r > 0, and so Yfy,K has positively correlated increments. 
Let < a < b < T. Since V p {-) < Vi(-), by part (i) of Proposition [TT1 it follows 
that 

V p (C H ,K;[a,b} 2 ) < AVi(Dh,k] [a, b] 2 ) + BV p {Fhk\ [a, b] 2 ) 

= AE[Y H>K (b) -Y HtK (a)] 2 + BV p (F HK ; [a,b] 2 ). 



Using ([321 we have 

AE[Y HlK (b) - Y H , K (a)} 2 = 2- K [2{b 2H + a 2H ) K - 2 K b 2HK - 2 K a 2HK ] 

< 2- K (b-a) 2HK 
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by the left inequality in (|29p . Using inequality (l2"Tj) for the fractional Brownian 
motion with the Hurst index HK, the first desired bound (|30l) with C\ = h-2~ K 
follows. 

To prove the second desired bound (|3"Tj) let (tj)je[m] be a partition of [0, T] 
and let i e (m]. Again, since Yh,k has positively correlated increments and 
using (|3"2"j) it follows that 

m 

A ^ |£?A?y H)Jf A;y ff ,jr| = AE[Y HiK {ti) - Yh^U-iWh^T) 
3=1 

= 2-* [t? ff * - + (t?^ + T 2H ) K - (t? H + T 2H ) K ] 

2- K (ti-ti-i? HK , i£2HK<l, 
2 1 ~ K HKT 2HK - 1 (U - U-i), if 2HK > 1. 



< 



Since Ip(-) < Vi(0> using ([33]), (f2"2")l with HK in place of iJ, and the preceding 
inequality, it follows that 

m m 

3 = 1 3=1 
m m 

<AJ2 \E[AfY HiK A?Y HiK ]\ +BJ2\E[A?B 

3=1 3=1 

where C* 2 = 7 ■ 2~ K if 2#Jf < 1 and C 2 = QHK2- K T 2HR - 1 if 2ifiT > 1. This 
completes the proof of the proposition. □ 



4 Proof of the main result 

The main result is Theorem [2U below, which we call Gladyshev's Theorem for 
integrals, dealing with almost sure convergence of sums of properly normal- 
ized powers of increments of the q.m. integral process ([T]). First, we prove a 
convergence of the mean of such sums under less restrictive assumptions. 

Theorem 19. Let r > and T > 0. Let X = {X(i): t € [0,T]} be a mean 
zero Gaussian process from the class CSX{p{-)) with the covariance function Tx 
such that for a constant C\ and a number p > 1 the inequality 

V P Fx;[8,t] 2 )<Ci\p(t-a)] 2 (34) 

holds for all < s < t < T. Let f € W g [0,T] with q € Q p and let (/t n ) be a 
sequence of partitions k„ — (t")jg[m„] of [0,T] such that \K n \ — > as n oo. 
Then there exists the q.m. integral process Y(t) — q.m. /g / dX , t £ [0,T], and 

m " F\A n Y\ r r T 

jsleM^-^L l/r (35) 

where rj is a iV(0, 1) r.v. 
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Proof. Since /?(•) is continuous at zero, by (Al) of Definition [TJ it follows that T x 
is a continuous function. Then the q.m. integral process Y exists by Theorems 
ISlandfTUl We shall prove (J3SJ). Since Y is a Gaussian process, for < s < t < T 
we have 

2 \ r/2 



E\Y(t)-Y(s)\ = E\rj\ r [E 



By (fT3|) we have 



E 



* n2 

fdX 



fdX 



f®fd 2 T x 



[f ® / - f(s)} d 2 T x + f(s)E[X(t) - X(s)Y 



For (s,t) E [0,T] 2 let 



b(s,t) 



a 2 x {s,t) 



[p(\t-s\)} 2 
if s ^ t, and let b(s, t) := if s = t. Then 



(36) 



E 



[p(AD] 2 



[/®/-/ 2 (ti)] ^ 



+/ 2 (d)[l + 6(^iX)] 



■r/2 



a: 



for each n. Also for each integer n > 1, let 
and 



i=l 



i=i 



W n := £ 



/ L 



r/2 



[/®/-/ 2 (C-i)] d 2 T x 



A™. 



If r < 2 then using the inequality \\A\ r / 2 - \B\ r / 2 \ <\A- B\ r / 2 it follows that 

\R n -T n \<U n + W n (37) 

for each n. If r > 2 then using the Minkowskii inequality for weighted sums, it 
follows that 

\RT - T 2/r \ < U 2 J r + W 2 J r (38) 
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for each n. Recall that the mesh — > as n — > oo. Therefore since / is 
regulated, and so \f\ r is Riemann integrable, it follows that 

lim T n = lim El/(*"-i)r A "= / l/r- ( 39 ) 



We will show that U n and W„ tend to zero asn-) oo. Assuming this, by (|37j) 
if r < 2, by if r > 2 and ([351), the conclusion {35) follows. 

To prove convergence of £/„ let e > 0. Recalling notation (|36p and using 
condition (Al) of Definition [TJ we have 



\W-i,t?)\ <^^t + i<i 2 + i 

for each n € N and i € (m„] . For each 5 > letting 

:= sup{|6(s,s + /i)|: sG[e,T), h € (0,6 A (T — s)]|. (40) 

it follows that 

E {/ 2 («?-l)IK*?-l,*?)l} r/2 A? < {^(|«n|)} r/2 $3l/(*?_i)| r A? 



r /2 Ar<{^(| K „D} r/2 ; 

i: ft 1 - >e i—l 



for all n G N. Then for each n G N we have 



^ < ( E + E ){f{tu)\m^m} r/2 K 



< {^(i« n i)} r/2 E i/(*"-i)i r Ar + + i^i)ii/ii s r u P (i 2 + i) r/2 



i=l 



By conditions (^41) and (A2) of Definition [TJ and since the Riemann sums are 
bounded as |/t n | — > with n — > oo, {/„ tends to zero as n — > oo. 

We prove convergence of W n first assuming that p = 1. In this case, by ([§]) 
and (l34l). we have 



^ < (2ii/iu P ) f e W ; [*?-i.*?d} 



[p(A?)] 



< (2C 1 ||/|| 8up ) i E{° sc (/;[*"-i'*r])} 5 A?. (41) 



i=l 



Let e > 0. Since / is a regulated function there is a partition {sj}) =0 of [0,T] 
such that Osc(/; (sj_i,Sj)) < e for each j g (fc] by Theorem 2.1 in [5]. Since 
— » as n — > oo there is an JV € N such that \n n \ < e/(2k) for each n > N. 
For each n let J n be the set of indices i € (m„] such that Sj € [t"_ l5 1"] for some 
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j £ [k] and let J% :— (m„[ \ J n . Then the cardinality of J n does not exceed 2k, 
and continuing (|4T|) . we have for each n> N 



W n < (^ll/ULp) 5 £ K + (2eC7x||/|| sup ) 5 £ A? 

< £(4^11/11^) 5 + (2eC 1 ||/|| sup ) 5 T, 

since the mesh |/c n | < e/(2fc) 

Now supj 
(fTTj) we have 

> r yp(rx;[ei,i?] 2 ) 



Now suppose that p > 1. Let g' > g be such that ~ + i > ^ + ^7 > 1- By 



Wn < (iWII/ll [g i) s E{ Pl Y; ( a7)p ^ (/;[«ti,*r])}'A? 



< 



rn n r 

(if M '||/llMCiK(/)*) 5 E { 0sc ^ [*?-i^?]) 1_ ^} 5 Af. 



Since a function of bounded q- variation is regulated the arguments used in the 
preceding case p = 1 apply and show that W n tends to zero as n —¥ 00. The 
theorem is proved. □ 

In the case / = 1 we have the following conclusion. 

Corollary 20. Let r > and T > 0. Let X = {X(t): t £ [0,T]} be a mean 
zero Gaussian process from the class CSX(p{-)) , and let (/?„) be a sequence of 
partitions K n — (t")ie[ m „] of [0, T] suc/i t/iai |/c„| — > as n — > 00. TTien 

lim E r^ A " = ^i" T ' 

where n is a N(0, 1) r.u. 

Proof. In the proof of Theorem [T!|] taking / = 1 it follows that for each n > 1 , 
in the present case we have T n — T, W n = 0, 

R n = Y} 1 + &(*?-i.*?)] r/2 A? and [/„ = *?)] r/2 A?. 

i=l i=l 

The argument used in the proof of Theorem [T5] gives that U n — > as n — > 00, 
and so i?„ — > T as n. — > 00, proving the corollary. □ 

To prove the almost sure convergence we use the following fact from [20, 
Lemma 2.2]. Here we give its straightforward proof. 

Lemma 21. Let G = \g%j] be an m x m real symmetric matrix for some m > 1. 
For any vector of real numbers (xi, . . . , x m ) 



m m 



E E ^iflfc j < E X i ( E \s*3 1) • 
i=l i=l i=l j=l 
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Proof. Using the inequality 2|a;i||xj| < xf + x'j for different i,j 6 (to], it follows 
that 

m m m 

\^2^2 x i x j9ij\<^2 x i\9ii\+ \ x i\\ x i\\9ij\ 

mm mm 



i=l j'e(m]\{i} i=l J = l 



□ 



Next is the main result. 



Theorem 22. Lei T > 0, let p E R[0,T] be such that 7*(p) = 7 /or some 
7 € (0, 1), /ei p := max{l, 1/(27)}, /ei 1 < r < 2/max{(27~ 1),0}. Let X 
be a mean zero Gaussian process from the class CSI(p(-)) with the covariance 
function Tx- Suppose that there is a constant C\ such that (|34|) holds for all 
< s < t < T , and there is a constant Ci such that the inequality 

m 

V P (T X ; Jf x J?) < C 2 (Af ) 1A < a 7> (42) 

holds for each partition n — (tj)j£[ m i o/[0,T] and eachi £ (to]. Lei / £ W g [0,T] 
ratt g € Q p , and let (n n ) be a sequence of partitions n n = (if)ie[ m „] °f [0, T] 
such that 

sup{a: lim \n n \ a \ogn = 0} = fl A + (0 A (1 - 2 7 )). (43) 

n— »oo V r/ 

T/ien there exists the q.m. integral process Y(t) — q.m. Jq f dX , t S [0, T], and 
with probability one 

m " \/\ n V\ r 

l ™T,hy^ A ? = E w r i/r, ( 44 ) 

where n is a N(0, 1) r.i;. 

Remark 23. The right side of (|4"3")) is less than or equal to 1. Also it is positive 
for any 1 < r < 00 if 7 < 1/2, and for any 1 < r < 2/(27 - 1) if 7 > 1/2. It 
follows from the proof of the theorem that if the local variance p(u) — u 1 then 
the hypothesis (|4"3"|) can be replaced by the following one 

lim | Kn |( 1A ^+(° A ( 1 ^))logn = 0. 

n— >oo 

It is known that this condition with r = 2 is best possible (de la Vega [3], and 
M.B. Marcus and J. Rosen pH Theorem 2.6]). 
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Proof. The q.m. integral process Y(t) = q.m. J f dX , t £ [0,T], exists due to 
reasons stated in the proof of Theorem [19] For each n > 1 let 

Z n := (X>,n|A?lT) r , where Cj, n := [p(A")]~ r A™. 

i=l 

Denoting the median of a real random variable Z by med(Z), by Lemma 2.2 of 
Marcus and Rosen [IB], for each e > 



Pr 



r e 2 i 

({|Z„-metf(Z n )| >e}) <2exp|-— J, 



(45) 



where 



f®fd 2 T x 



m n 2 771^ 

^sup^E^A^) : (6,) i6(Wn] € R"\ £ N^' < l} 

i—l i=l 

and 1/r + 1/r' = 1. For each n > 1 and i € (m„], by ([T5]) we have 

Mi,„:= 21^^^)1=2 / / 
For each n > 1 and each vector (hi) £ M. ,rin , by Lemma |2"T1 

i—l i—l 7—1 

i=l 

2 / m n . 

V j=i 

i=l y V J = 1 7 



Ci, n cj, n )rf?(A?yA7y) 



< 



max 

KKm« 



if 2 < r < oo, 



if 1< r < 2. 



It then follows that for each n > 1 



max i f /An s lr 



Mi' 



if 2 < r < 



if 1< r < 2. 



By (TT2]) if p > 1 and by © if p = 1 , and then by (|I2"|). for each i 
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where Ki iQO := 1 and ||/||[oo] : = ||/||sup- By the hypothesis on the local variance 
p we have 

( u a ~\ 

7*(p) = inf \ a > 0: sup < oo > = 7. 
L u>0 p(u) > 

In the case p > 1, we have 1 — 27 > 0, and so for each S > 0, 



7+S \ 2 

if 2 < r < 



ol < C 2 K p Jf\\f q] 
= o(l/(Iogn)), 



r^M-^m^ (IfgJ!) 2 , ifi< r <2 



as n — y 00 by the hypothesis (|4"3"]h In the case p = 1, we have 1 — 27 < 0, and 
so for each i5 > 0, 



< C 2 



r^K|»-»r-» <B j« (l^l) 2 , ifl< r <2, 



= o(l/(Iogn)), 

as n — > 00 by the hypothesis (|43|) . By (J45j) and Borel-Cantelli lemma it then 
follows that 

lim \Z n — med(Z n )\ = 

with probability one. Using our Theorem [T5] and the argument of Marcus and 
Rosen in [16j Theorem 2.3] it follows that (|44|) holds with probability one. □ 

In the case / = 1 we have the following conclusion. 

Corollary 24. Let T > 0, let p G i?[0,T] fee smc/i £/ia£ 7*(/?) = 7 /or some 
7 € (0, 1), and let 1 < r < 2/max{(2 7 - 1),0}. Let X = {X(t): t G [0,T]} 
fee a mean zero Gaussian process from the class £SI(p(-)). Suppose there is a 
constant C 2 such that the inequality 

m 

2 \E[A?XAfX}\ < C 2 {&i) 1A{2 ~ f) (46) 
3=1 

holds for each partition k — {tj)j£[ m } °f [0,T] and each i G (m]. Let (K n ) fee a 
sequence of partitions n n — (£™)ie[ TO „] 0/ [0,T] suc/i i/iai (|43[) holds. Then with 
probability one 

m ™ \A n X\ r 

^E{^^=m r T, (47) 
where n is a iV(0, 1) r.w. 

Proof. The proof is the same as of Theorem [22] except that now Corollary [20] is 
used in place of Theorem \T§\ and the bound (|46l) is used in place of (|4"2"]l . □ 
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